Abstract-The proliferation of phasor measurement units (PMUs) into electric power distribution grids presents new opportunities for utility operators to manage distribution systems more effectively. One potential application of PMU measurements is to facilitate distribution grid re-configuration. Given the increasing amount of Distributed Energy Resource (DER) penetration into distribution grids, in this work we formulate an Optimal Power Flow (OPF) approach that manages DER power injections to minimize the voltage phasor difference between two nodes on a distribution network to enable efficient network reconfiguration. In order to accomplish this, we develop a linear model that relates voltage phase angles to real and reactive power flows in unbalanced distribution systems. Used in conjunction with existing linearizations relating voltage magnitude differences to power flows, we formulate an OPF capable of minimizing voltage phasor differences across different points in the network. In simulations, we explore the use of the developed approach to minimize the phasor difference across switches to be opened or closed, thereby providing an opportunity to automate and increase the speed of reconfigurations in unbalanced distribution grids.
I. INTRODUCTION
The proliferation of new types of sensors into the electric power distribution system is providing deeper insights into grid operation and is driving innovation around new paradigms for system management. Among the many new sensing devices being deployed in the distribution grid, distribution phasor measurement units (PMUs) provide a suite of new functionality that could serve to better inform the process of managing Distributed Energy Resources (DER). Distribution PMUs not only collect "traditional" system telemetry (such as voltage and current magnitudes) on sub-second time intervals, but provide access to voltage and current phase angles as well. These devices are now becoming more commonplace and are either manifesting as standalone units [1] or are being incorporated into other system components [2] .
The growing presence of distribution PMUs indicates that sufficient infrastructure may be in place in future grids to support control activities that make decisions based on feeder voltage phasor measurements. In fact, a small, but growing, number of control applications that utilize phase angle measurements have started to appear in literature. The work of [3] proposed the use of synchronized voltage phase angle measurements to curtail over-generation of renewables. Additionally, the authors of [4] considered voltage angle thresholds as criteria to connect renewable generation. Both works refer to this control activity as "Angle Constrained Active Management", or ACAM.
One particular emerging application for which distribution PMU data might be of use is to enable fast and safe switching of circuit elements. The ability to island/reconnect microgrids and reconfigure distribution feeders are seen as two important applications of future grids [5] , [6] , [7] . In order to close a switch, the voltage magnitude and voltage angle at both sides should be sufficiently close in order to prevent arcing and transient currents. As such, to facilitate network reconfigurations, distribution system operators (DSOs) typically employ backup power injection at reconfiguration locations to minimize voltage phasor difference across switches. DSOs either schedule such actions in advance, in the case where a reconfiguration is planned, and send mobile generators with back up power to the correct locations. In the event of an unplanned outage, it may take considerable time to deploy engineering staff with backup power to the necessary switching locations.
Distributed energy resources (DER) present an opportunity to facilitate network reconfiguration at timescales much faster than with current practices. With sufficient amount and proper location of DERs it is possible to control the voltage phasor at strategic points in the network, thereby alleviating the need for ad-hoc deployment of generation assets for switching. The ability to switch elements in and out of a given system with the aid of controlled DERs could allow for faster restoration of electrical services to critical loads following a disaster, or allow for damaged components to be isolated for repair or replacement.
In literature, there is no shortage of new strategies that consider the use of DER to operate distribution feeders in a more sophisticated manner. Many of the approaches formulate the decision making process as an optimization program, often referred to as an Optimal Power Flow (OPF) problem. An OPF framework allows for proper modeling of the network topology, impedances and control equipment, the incorporation of safety constraints, and the formulation of various objective functions that can reflect important operating objectives such as loss minimization and cost of generation or control action. However, there is sparse literature on strategies that aim to directly control the voltage phasor in unbalanced systems in OPF formulations. The work of [8] proposes a distributed control framework to enable DER to track single-phase AC optimal power flow solutions using the Alternating Direction Method of Multipliers (ADMM). The authors of [9] consider a multi-timescale stochastic volt/var control method capable of controlling legacy voltage regulation systems as well as DER. Some of the authors of the present work consider optimal governance of DER in a model-free setting [10] . Additional recent strategies for DER control are cataloged in [11] .
Due to the nonlinear nature of power flow equations, many OPFs are formulated as quadratically constrained quadratic programs (QCQPs). A popular method for analyzing such OPFs is relaxation via semidefinite programming (SDP) [12] , [13] . It is well documented that relaxation of OPF problems via SDP often fails to achieve a rank-one solution.
As an example, in the work of [14] too many binding constraints will preclude convergence to a rank-one solution. The authors of [15] explored the extension of SDP to weakly meshed networks. Their technique was able to achieve a rankone solution only after incorporating significant penalties on reactive power dispatch, effectively limiting the feasible region of control. Finally, in [13] , the authors faced difficulty in obtaining a rank-one solution for certain network configurations.
As the inability of relaxations via SDPs to achieve a rank one solution limits the practicality of these approaches, it is necessary to consider alternative approaches for solving OPF problems. One such alternative is the creation of linear approximations for power flow that are sufficiently accurate for control purposes, and that can be incorporated into convex OPF formulations.
To enable a control strategy that can regulate voltage phasors, in this work we extend a linearized model of three phase power flow to include a mapping of voltage phase angle differences into network real and reactive power flows. We do this, as to our knowledge, OPF approaches controlling voltage magnitude, and active and reactive power flows cannot always minimize voltage phasor difference across an open switch. Despite known difficulties associated with SDPs, we had first attempted to formulate this activity as an semidefinite-relaxed OPF, but were unsuccessful. This motivated the extension of the linear mappings of [16] , [17] , [18] , which relate voltage magnitude to active and reactive power flows, to consider the entire voltage phasor. Our contribution is an extension of these results to include a linear relation between complex line power flow and voltage angle difference, in Section II-E. Additionally, we formulate an OPF capable of managing voltage phasors, as opposed to only voltage magnitudes.
The specific activity studied herein is an OPF formulation that minimizes the voltage phasor difference across an open switch in a distribution system while simultaneously regulating feeder voltage magnitudes to within acceptable limits. In the event that one of the phasors is uncontrolled (i.e. a reference signal), then this activity can be thought of as a voltage phasor tracking problem. In driving the voltage phasor difference across a circuit element to 0, we ensure that when the switch is closed only small amounts of power will flow across this element. In this manner, the switch can be closed with less arcing and instantaneous power flows surges.
The analysis in this paper has two major elements. A derivation of a linearized model of unbalanced power flow that maps voltage phasor differences into active and reactive power flows is presented in Section II. In Section III, a numerical analysis is provided that outlines errors introduced by the linearized model. Simulation results of an OPF that incorporates the linearized power flow model to track a voltage phasor reference at a specific point in the network and regulate system voltage magnitudes are then presented in Section IV. 
A. Preliminaries
Let T = (N , E) denote a graph representing an unbalanced distribution feeder, where N is the set of nodes of the feeder and E is the set of line segments. Nodes are indexed by m and n, with m, n ∈ N . Let N {∞, 0, 1, . . . |N |}, where node 0 denotes the substation (feeder head). Immediately upstream of node 0 is an additional node used to represent the transmission system, indexed by ∞. We treat node ∞ as an infinite bus, decoupling interactions in the downstream distribution system from the rest of the grid. While the substation voltage may evolve over time, we assume this evolution takes place independently of DER control actions in T .
Each node and line segment in T can have up to three phases, labeled a, b, and c. Phases are referred to by φ ∈ {a, b, c} and ψ ∈ {a, b, c}. We define P m and P n as the set of phases at nodes m and n, respectively, and P mn as set of phases of line segment (m, n). If phase φ is present at node m, then at least one line connected to m must contain phase φ. If line (m, n) exists, its phases are a subset of the phases present at both node m and node n, such that (m, n) ∈ E ⇒ P mn ⊆ P m ∩ P n .
The current/voltage relationship for a three phase line (m, n) between adjacent nodes m and n is captured by Kirchhoff's Voltage Law (KVL) in its full (1), and vector form (2) :
Here, Z φψ mn = r φψ mn + jx φψ mn denotes the complex impedance of line (m, n) across phases φ and ψ. We have presented (1) and (2) where P mn = {a, b, c}. For lines with fewer than three phases (|P mn | ≤ 2) (2) becomes:
by indexing by the set of line phases P mn , where the rows associated with phases ψ / ∈ P mn of (2) are removed, as are the appropriate columns of Z mn . To give two examples, if
a mn , and if P mn = {a, c} then (3) is:
Kirchoff's Current law at node m is given in its full (4) and vector (5) forms:
l:(l,m)∈E
We assume a complex load, s φ n ∀φ ∈ P n , ∀n ∈ N \ ∞, is served on all existing phases at each node except the transmission line, defined as: , and c φ n denotes capacitance, all for φ ∈ P n . Note, if φ / ∈ P n (i.e. phase φ does not exist at node n), we define
∈ P mn (i.e. phase φ does not exist on line segment (m, n)), we define I φ mn = 0. Throughout this work, we use the symbol • to represent the Hadamard Product (HP) of two matrices of the same dimension, also known as the element-wise product, which can be written as:
B. Power and Losses
We now derive complex power and loss terms at a node m ∈ N . This analysis, and the derivation of II-C, we do not claim as novel contributions (see [16] , [17] ). Full derivation of these results are necessary to support one of the main contributions of this work, which is presented in II-E. To start, we take the Hadamard Product of V m and the complex conjugate (nontransposed) of (5):
The V m term inside the summation on the RHS is substituted using (2):
Here, we define the complex power phasor on phase φ entering node n on line (m, n) as S 
The term L mn ∈ C 3×1 represents nonlinear losses on the line. As in [16] , [17] , [19] , we assume that losses are negligible compared to line flows, so that L φ mn
Thus, we neglect line losses, linearizing (9) into:
C. Voltage Magnitude Equations
In this section, we derive a relation between squared voltage magnitudes and complex multiphase power for unbalanced systems. The reader should note that here we present the derivation for a line with three phases, where P mn = {a, b, c}. For lines with less than three phases (|P mn | ≤ 2), (11) - (22) should be indexed by P mn as (3) is.
To start, we consider a line (m, n) ∈ E, and take the Hadamard Product of (2) and its (non-transposed) complex conjugate:
This can be rewritten by distributing the terms on the RHS:
Here we define the real scalar
With these definitions, we also take advantage of the commutative property of the HP and group the second and third terms of the RHS of (12) inside the real operator:
At this point, we focus on the terms inside the real operator for clarity of presentation, and rewrite them as:
With the definition of complex current on a line, I (14):
We use the definition of the HP to factor the 3 × 3 matrix into two 3 × 3 matrices as in (17) , where Γ n is the 3 × 3 matrix to the left of the Hadamard Product symbol (•) within the parentheses on the RHS:
(17) Placing (17) back into (13) gives:
Finally, we separate the complex power vector into its active and reactive components, S mn = P mn + jQ mn , and apply the real operator on the RHS to obtain
We have derived equations that govern the relationship between squared voltage magnitudes and complex power flow across line (m, n). This nonlinear and nonconvex system is difficult to directly incorporate into an OPF formulation without the use of convex relaxations. Following the analysis in [16] , we apply two approximations. The first is that the higher order term H mn , which is the change in voltage associated with losses, is negligible, such that
. The second assumes that node voltages are "nearly balanced" (i.e. approximately equal in magnitude and 120
• apart), as in [16] . This is only applied to Γ n in the RHS of (19) , such that γ 2 for all n ∈ N . Under these assumptions, Γ n becomes:
where
. Note that we make the "nearly balanced" assumption in the process of the formal derivation, but that does not imply that the voltages need to actually be balanced for the linearizion to be valid.
Applying these approximations for H mn and Γ n to (19), we arrive at a linear system of equations:
The matrices M mn and N mn are modified impedance matrices, where the off-diagonal elements are rotated by ±120
• (see (20) ). The diagonal entries of M mn are r 
D. Motivating Intermezzo
Now that we have set up the necessary equations, it is possible to further demonstrate the need of controlling phase angle for switching operations. Consider the following illustrative example, where we assume a single phase line and therefore omit superscripts denoting phase. For two nodes m and n that are not connected by a line, no current flows between the nodes. However should a switch between the two nodes be closed, the power at node n is
mn , where Y mn = g mn + jb mn is the admittance of the line. Assuming the voltage magnitudes at nodes m and n are equal, the line power at node n can be written as:
where θ mn = θ m − θ n . It is clear that even with equal voltage magnitudes at nodes m and n, larger voltage angles differences will cause increased real and reactive power flows. This highlights the importance of the ability to control voltage angle, which present OPF formulations lack.
E. Voltage Phase Angle Equations
We now derive an extension of the power and voltage magnitude system that relates differences in voltage angles between adjacent nodes to complex power flows. This derivation builds heavily upon the analysis of Section II-C.
The derivation presented here represents a three phase line, P mn = {a, b, c}. For lines with less than three phases (|P mn | ≤ 2), all equations should be indexed by P mn as (3) is.
We begin with the Hadamard Product of V n and the complex conjugate of (2):
From the analysis in Section II-C, we substitute both terms on the RHS, and expand the LHS with the polar representations of voltage phasors:
We negate (24) and take the imaginary component of both sides:
(25) where M mn and N mn are defined as in (19) .
Inspection of the voltage angle equation reveals some interesting similarities compared to the voltage magnitude equations (19) . The RHS of (19) and (25) are the real and imaginary parts of the same argument (except for a scaling factor of one-half).
To simplify (25), we apply the same assumptions of [16] to the RHS of (25). As in the previous section, we assume voltages are "nearly balanced", with Γ n ≈ A as in (20) . Second we assume that θ φ m − θ φ n is sufficiently small such that the small angle approximation holds, so that sin θ
Lastly, we fix all voltage magnitudes on the LHS of (25) to unity, so that V φ m = V φ n = 1 ∀φ ∈ P mn , ∀(m, n) ∈ E. With these three assumptions applied to (25), we arrive at:
T , and M mn and N mn defined by (22) . Note that we make the "nearly balanced" and unity voltage magnitude assumptions in the process of formal derivation, but that does not imply that voltages actually be perfectly balanced or have a magnitude of exactly 1 in practice. The accuracy of these approximations in modeling system power flows and voltages will be explored in Section III.
F. Linearized Unbalanced Power Flow Model
We now present the full set of equations that comprise a linearized model for unbalanced power flow. Equations for lines (m, n) ∈ E, (29) -(31), should be indexed by line phases P mn as in (3) Magnitude and angle equations for lines
The accuracy of the approximations in the power and voltage magnitude equations has been investigated in [16] and [17] . In the next section, we perform a Monte Carlo analysis to explore the level of error introduced by the voltage angle equation assumptions.
III. ACCURACY ANALYSIS
To investigate the accuracy of the approximations derived in the previous section, we perform a Monte Carlo simulation on a modified version of the IEEE 13 node test feeder [20] , as seen in Fig. 1 . The voltage regulator between nodes 650 and 632 is omitted, the transformer between nodes 633 and 634 is replaced by a line of configuration 601 (according to [20] , page 5) and length of 50 feet, and the switch between node 671 and 692 is replaced by a line with configuration 601 and length of 50 feet. The transmission line had a fixed voltage reference of V ∞ = [1, 1∠240
•
We defined dr and di as the maximum real and reactive nodal power demands, respectively. In simulations, the limits dr and di independently increased from 0.01 to 0.15 p.u. in increments of 0.01 p.u. At each iteration, 100 simulations were performed where the real and reactive demand components were assigned from a uniform distribution, or d φ n = U(0, dr) + jU(0, di). All nodal power demands were assumed to have constant power and constant impedance load parameters of β φ S,n = 0.85 and β φ Z,n = 0.15. Power injections from controllable DER were not considered in this experiment.
Non-approximated power flow ( (3), (5), and (6)), henceforth referred to as "base", and the linearized model ((27) -(31)), now referred to as "approximate", were solved with NewtonRaphson methods adapted from [21] . The error between base and approximate power flow results are given by (32) -(34), where the· notation indicates the approximate power flow solution. We define the error in voltage magnitude by (32), the error in voltage angle by (33), and the error in complex power by (34). The equations capture the maximum absolute (i.e. worst case) error between the base and approximate power flow value across all phases and nodes (or lines). In this experiment, and in Figure 2 , substation power, S sub , is defined as the sum of the apparent power magnitude delivered by the transmission system in each phase, as in: Fig. 2a shows voltage magnitude error (32) for increasing total substation power. It can clearly be seen that under normal operating conditions (≤ 1 p.u. substation rated power) the voltage magnitude error is less than 0.5%. For substation loading 1.5 times the rated power, the error remains under 1%. Fig. 2b gives the voltage angle error (33) for increasing total substation power. At substation rated power, the error typically remains under 0.25
• , much less than the 1 • resolution of a typical synchro-check relay [22] . Fig. 2c shows the line apparent power error (34) as a function of substation power. At substation rated power, we see an error of 2%. Although it is observed the error in voltage magnitude, voltage angle, and substation power monotonically increase with substation power, we note that the maximum errors are relatively small under normal operating conditions (∼1 p.u. substation rated power).
IV. PHASOR TRACKING FOR SWITCHING OPERATIONS
We now present results of an experiment in which the linearized unbalanced power flow model, (27) -(31), is incorporated into an OPF with the objective of minimizing the phasor difference between nodes at either end of an open switch (we will refer to this as phasor tracking), while regulating system voltage magnitudes to within acceptable limits. The OPF decision variables were DER real and reactive power injections at select nodes, which were capacity constrained (i.e. four-quadrant resources).
The experiment was conducted on two networks, N 1 and N 2 , connected to the same transmission line, indexed by ∞, as in Fig. 3 , with the overall network being N = N 1 ∪ N 2 ∪ ∞. Both N 1 and N 2 were modified versions of the IEEE 13 node test feeder model. Feeder topology, line configuration, line impedance, line length, and spot loads are specified in [20] . For clarity, we add the number 1 to the front of nodes within N 1 and the number 2 for nodes within N 2 (e.g. node 671 of N 1 is now 1671 and node 634 of N 2 is now 2634). The transmission line was treated as an infinite bus, with a fixed voltage reference of V ∞ = [1, 1∠240
The voltage regulators between nodes 1650 and 1632, and between nodes 2650 and 2632, were both omitted. The transformers between nodes 1633 and 1634, and between 2633 and 2634, were both replaced by a line of configuration 601 (according to [20] , page 5) and length of 50 feet. The switches between node 1671 and 1692, and between 2671 and 2692, were both replaced by a line with configuration 601 and length of 50 feet. We placed Wye connected 0.01 + j0.004 p.u. loads on all phases at node 1680 and 2680.
For both networks, the voltage dependent load model of (6) had parameters β φ S,n = 0.85 and β φ Z,n = 0.15 ∀φ ∈ P n , ∀n ∈ N 1 ∪N 2 . To create a load imbalance between the two networks, we multiplied all loads in N 1 by a factor of 0.75, and all loads in N 2 by a factor of 1.
5. An open switch was placed between node 1680 of N 1 and node 2680 of N 2 , on a line with configuration 601 and length of 500 feet.
Four quadrant capable DER were placed at on all existing phases at nodes G = {1632, 1675, 1684, 2632, 2671}. We assumed each DER can inject or sink both real and reactive power separately on each phase of the feeder and are only constrained by an apparent power capacity limit on each phase of 0.05 p.u, such that w φ n = 0.05, ∀φ ∈ P n , ∀n ∈ G and w φ n = w φ n = 0 ∀φ ∈ P n , ∀n / ∈ G. In this experiment, our objective was to close the switch between N 1 and N 2 to connect the two networks on line (1680, 2680). To minimize large instantaneous power transfers across the switch upon closing, we desired to match the voltage phasors at the ends of the open switch. To this end, we proposed the following OPF to minimize the voltage phasor difference between one or more nodes and the respective reference at each node, while providing feeder voltage support: (28), (29), (30), (31)
The OPF objective function is a weighted sum of three terms: C E is the sum of squared voltage magnitude differences squared, C θ is the sum of voltage angle differences squared, and C w is the sum of the squared magnitudes of all DER dispatch, to avoid applying excessive amounts of control. Constraints of lower and upper voltage magnitude bounds were imposed as 0.95 ≤ V φ n ≤ 1.05 ∀φ ∈ P n , ∀n ∈ N such that E = 0.9025 and E = 1.1025. Additionally, DER dispatch is constrained by its apparent power capacity, w φ n . Results from this experiment can be seen in Table I . We consider three cases: In the "No Control" (NC) case, all DER dispatch is 0. In the "Magnitude Control" (MC), the optimal DER dispatch is obtained solving (36) with ρ E = 1000, ρ θ = 0, and ρ w = 1. In the "Phasor Control" (PC) case, the optimal DER dispatch is obtained solving (36) with ρ E = 1000, ρ θ = 1000, and ρ w = 1. We simulate the "MC" case to illustrate that controlling variables DER real power, DER reactive power, and node voltage magnitude cannot always minimize voltage phasor potential.
It can clearly be seen that with MC, the difference in per phase voltage magnitudes of 1680 and 2680 were driven toward zero, however the voltage angle difference still remained large and on the order of the NC case. With PC, both the voltage magnitude differences and voltage angle differences were minimized.
The last row of Table I gives the hypothetical instantaneous complex power phasor should the switch be closed with the voltages at 1680 and 2680 listed in Table I . We define this as:
where m = 1680, n = 2680, and Y mn is the admittance matrix of line (m, n), defined as
Pmn . It is important to note that this power is not the steady state value after the switch is closed, but rather is a characterization of the instantaneous power that "wants" to flow given the instantaneous voltage difference and line admittance. While this power value will change and reach a steady state value over time, a transient analysis is outside the scope of this work. We note that this hypothetical power is significantly reduced in the PC case.
V. CONCLUSION
Optimization of unbalanced power flow is a challenging topic due to its nonlinear and non-convex nature. While recent works on SDP relaxations [12] , [13] have made OPF formulations for unbalanced systems possible, these approaches suffer from restrictions on the possible objectives and a highdimensional geometrical complexity that impedes feasibility and uniqueness of the solutions.
In this paper, we sought to solve a problem that, to our knowledge, cannot be addressed with SDP techniques. We build upon our previous work [18] and that of [16] , and [17] to develop an approximate model for distribution power flow that can be incorporated into convex optimal power flow problems, with the intention of enabling better switching in distribution networks. To do so, in Section II-E, we developed a model that maps complex power flows into voltage angle differences. This extended model allows the formulation of OPF problems that manage the entire voltage phasor, rather than only voltage magnitude.
In Section III, we investigated the accuracy of the newlyderived linear model, comparing the results of solving power flow with the system physics and the linearization. We found that under normal operating conditions, the model leads to magnitude errors less than 0.5%, angle errors of less than 0.25
• , and substation power errors of 2% of the network rated power.
We then incorporated the linear model into an OPF to manage DER assets to enable switching in distribution system. To accomplish this, an OPF was formulated to minimize the voltage phasor difference across an open switch. Simulation results demonstrate the effectiveness of the OPF in minimizing voltage phasor difference between two disconnected points in a network.
The ability to switch components into and out of distribution feeders with minimal impact on system operation presents many opportunities to reconfigure distribution systems for a variety of purposes. Moving forward, we intend to investigate two such applications. First, we plan to study grid reconfiguration in order to better withstand critical grid events (e.g. weather-related or other types of disasters). To solve such a problem, we will most likely need to extend our present OPF formulation into a receding horizon controller, that can optimize over a future time window. Secondly, as "clean" switching may also enable distributed microgrids to coalesce and pool resources to provide ancillary services, we intend to extend this OPF formulation to allow for mixed-integer formulations.
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